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In their papers (Technical Report CS-TR 50, University of Central Florida, 
1980; J. Combin. Theory Ser. B 32 (1982), 90-94) Brigham and Dutton introduce 
the notion of (n : i)-chromatic numbers of a graph, a generalization of Stahl’s nth 
chromatic numbers (J. Combin. Theory Ser. B 20, (1976), 185-203). The (n : i)- 
chromatic number of a graph G, denoted by x:(G), is the smallest integer m such 
that each vertex of G can be colored with a set of n colors in { 1,2,..., m) in such a 
way that any two adjacent vertices have exactly i colors in common. Brigham and 
Dutton conjecture at the end of lot tit that for all integers n and i with 0 Q i Q 
n - 1, and for every graph G, xz ‘(G) <xi(G). We prove this conjecture in some 
special cases and disprove it in the general case. 8 I984 AC&L& km, hc. 
1. INTRODUCTION 
1.1. Definitions 
As is usual in the study of chromatic numbers, the graphs we consider 
here are finite, undirected, and simple (i.e., without loops or multiple edges). 
For standard notions and basic properties of graphs, the reader should refer 
to [l, 2, and 51. 
Let m, n, i be integers, with n > 1 and m > n > i > 0 and G be a graph. An 
(n : i)-coZoring of G with m colors 1,2,..., m is an assignment to each vertex 
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of G of a set of n colors in { 1,2,..., m} such that any two adjacent vertices 
have exactly i colors in common. It is clear that a (n : i)-coloring with m 
colors is also an (n : i)-coloring with m + 1 colors. If G has an edge, then G 
has an (n : i)-coloring with m colors only if m > 2n - i. Therefore, from now 
on, it will always be assumed that G has an edge. 
For n and i fixed, the (n : i)-chromatic number of G, denoted by xi(G), is 
the smallest integer m such that G has an (n : i)-coloring with m colors. Thus 
we have 2n - i <x:(G). Note that Stahl’s nth chromatic number of G is 
x”(G) =x:(G) and the usual chromatic number of G is x(G) =x;(G). 
We recall that for given G = (V, E) and G’ = (V’, E’) a homomorphism 
from G into G’ is a mapping f from V into V’ such that if x and y are 
distinct adjacent vertices of G, then f(x) and f(v) are distinct adjacent 
vertices of G’ [5, p. 1431. 
Let us define the generalized Kneser graphs F;(m). The set of vertices of 
F’f(m) is the set of n-sets in { 1, 2,..., m}, two vertices being adjacent if and 
only if their intersection has cardinality i (the usual Kneser graphs are those 
with i = 0). It is easy to see that G has an (n : Q-coloring (n > i) with m 
colors if and only if there exists a homomorphism from G into F:(m). Thus, 
xi(G) is the smallest integer m such that there exists a homomorphism from 
G into g:(m). 
1.2. Properties of x!,(G) 
We list below some of the properties of the (n : i)-chromatic number, 
whose proofs may be found in [3,4]. Relations between xt’s mean that they 
hold for the corresponding &G)‘s for every graph G. 
1.2.1. If there exists a homomorphism from G into G’, then xi(G) < 
xk(G’) for all integers n, i with n > i > 0. 
1.2.2. xi = n. 
1.2.3. xi < 1 + xk:;-‘i, n > i > 0. 
1.2.4. xf, 9x”, <x;+~. 
We also recall the following recurrence inequalities, due to Stahl [6, 
Theorem 2 and Corollary]. 
1.2.5. xi > 2 +x:-p and more generally: xz > 2i +&, for all 
integers n, i with n > i > 0. 
1.3. The Conjecture 
At the end of [4], Brigham and Dutton show that Stahl’s inequalities 
cannot be extended to xf, (i > 0) and suggest a conjecture which we refor- 
mulate in the following form: 
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Conjecture (C). For all integers n, i with 0 < i Q n - 1, and for every 
graph G, the following property holds: 
P(G, n, i): x: ‘(G) < xi(G). 
Note that P(G, n, o) follows from 1.2.4. 
2. SOME SPECIAL CASES OF CONJECTURE (C) 
2.1. PROPOSITION. For all integers n, i (1 < i < n - 1) the following 
inequalities hold 
Proof: The left inequality follows from 2n - i < xf, and xz = n. Applying 
1.2.3 i times we find 
and Stahl’s inequality 1.2.5 yields 
Xi-i<Xi - 2i. 
Combining both inequalities, we get 
2.2. COROLLARY. For every graph G and every integer n > 1, 
P(G, n, n - 1) holds. 
Proof In fact, Proposition 2.1 gives 
x:: < xy. 
2.3. PROPOSITION. The property P(G, n, i) is true in the following cases: 
(a) n=2andO<i<n-1. 
(b) GisacycleandO<i<n-1. 
(c) G is the complete graph on p vertices with p > n2 - n + 2 or 
p<n/(i+ I)+ 1 and O<i<n- 1. 
(d) xi(G) = 2n - i. 
ProoJ: The assertion (a) is clear from Corollary 2.2, while (b) and (c) 
are proved in [4], where the corresponding xi(G)% are explicitly computed. 
To prove (d) it is sufficient to exhibit a homomorphism from gL(2n -i) 
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into Zz ‘(2n - i). Let d denote the complement of the set a in { 1,2,..., m). 
The mapping a ct h defines an isomorphism of .Y#r) on ~~:~“(m), since 
the intersection of a and b has cardinality i if and only if the intersection of d 
and d has cardinality m - 2n + i. Therefore Yi(2n - i) and Y:‘(2n - i) are 
isomorphic to g’“,-*(2n - i) and Yim1(2n - i), respectively. 
On the other hand, for all integers m, n (m > n) the mapping 
{a,, %,“‘, a,} - { 1, uz,..., a,} (where we assume a, < a, < ... < a,) defines 
a homomorphism from Y’“,(m) into Y:(m). Therefore, the required 
homomorphism from YL(2n - i) into F’f;f’(2n - i) exists. 
2.4. Remark. Clearly, if G is bipartite, then X;(G) = 2n -i for all 
integers n, i with 0 < i < n, and thus P(G, n, i) holds. We can prove the 
following converse: if there exist two integers n,, i such that XL(G) = 2n - i 
for all n > n,, then G is bipartite. However, the relation x:(G) = 2n - i can 
hold for some pairs of integers n and i for nonbipartite graphs G. For 
instance, if P is the Petersen graph r;(5), we have x:(P) = 5 and xi(P) = 4. 
3. A COUNTEREXAMPLE 
We assert that the graph S:(m) is a counterexample to Conjecture (C) for 
m > 7. In fact, we prove the following general result. 
3.1. THEOREM. For every integer m ) 7, there is no homomorphism from 
g;(m) into C%‘:(m). 
This gives the following corollaries. 
3.2. COROLLARY. For every integer m > 7, P@:(m), 3, 1) does not hold. 
Proof. If we note G = F;(m), clearly x:(G) < m. On the other hand, by 
Theorem 3.1, X:(G) > m. Thus P(G, 3, 1) is not true. 
3.3. COROLLARY. For every integer n > 4, P(Yz-‘(n + 3), n, n - 2) does 
not hold. 
Proof. For n >4, put m=n + 3 > 7. As in the proof of 
Proposition 2.3(d), gi-“(n + 3) and S’“,-‘(n + 3) are isomorphic to 
.Yi(n + 3), and Z:(n + 3), respectively. Therefore, if we note G = 
.Vi-‘(n + 3), by Theorem 3.1 there is no homomorphism from G into 
g?:-‘(n + 3). Then we have 
x;-‘(G)> n+ 3, 
and clearly x:-‘(G) ( n + 3. Therefore P(G, n, n - 2) is not true. 
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Proof of Theorem 3.1 (By contradiction). Let us recall that the set of 
vertices of L??;(m) and Z:(m) is the set of 3-sets of { 1,2,..., m). Let f be a 
homomorphism from g:(m) to g:(m). We may assume without loss of 
generality that f({ 1,2,3}) = { 1,2,3}. Let us also recall that the 
neighbourhood N(x) of a vertex x in the graph G is the subgraph of G 
induced by the vertices of G adjacent to X. We will write 
N=N({L 293)) in g;(m), 
and 
N’ = N({ 1,2,3}) in F:(m). 
Clearly, the restriction off to N is a homomorphism from N to N’. Hence, 
the following inequality for the usual chromatic numbers holds: 
3.1.1. x(N) <<(N’). 
However, we have 
3.4. LEMMA. For every integer m > 7, we have 
x(N’) = m - 3, (3.4.1) 
and 
x(N) > m - 3. (3.4.2) 
It is clear that 3.1.1 and Lemma 3.4 will together contradict the existence 
of a homomorphism from Y:(m) into L%:(m), and thus complete the proof of 
Theorem 3.1. 
Proof of (3.4.1). It is easy to see that N’ =K, X KmM3 (See Fig. 1.) (the 
product is in the sense of [5, p. 221). Therefore, we have x(N’) = m - 3 if 
m > 6. For instance, we can color {x, y, z} by x + y + z mod(m - 3). 
Proof of (3.4.2). We shall show that the size of a maximum independent 
set of vertices of N is not greater than m - 3. Since N has 3 . (“; “) vertices, 
we shall obtain: 
3. 
( 1 
mT3 <(m-3).X(N), 
and hence 
x(N) > j(m - 4) > m - 3 for m ) 7. 
By definition, the set of vertices of N has a partition {C, , C,, C,}, where 
Ci= {{i,x,Y} I I&Y} C {4, L9m}19 i= 1,2,3. 
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FIG. 1. N'=K,xK,-,. 
Let S be a maximum independent set of vertices of N. Note that the label 
sets of two members of S are either disjoint or have two elements in 
common. From this fact we can conclude the following in a straightforward 
manner : 
(a) A nonempty S n Ci must have one of the forms: 
lstform:SnC,={{i,x,y},{ i, x, z}, {i, y, z } } for some triple x, y, z of 
elements of {4,5 ,..., m}. 
2nd jbrm:SnCi== {{ &x,x1}, {i,x,x*}, {&x,x3} ,... } for some elements x,x*, 
x2, xj )...) of {4, 5 )...) m}. 
(b) If {i,x,y} and {j,x,z] ES, i#j, then y=z and 
SnCi={{kX,Y}}; SnCj= {{j,X,Yl}. 
From this we are able to conclude, with m > 7, that 
IS(= J$ (SnCi(<({4,5 ,..., m}l=m-3, 
i=l’ 
thereby completing the proof of Theorem 3.1. 
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